Recently developed asymptotic energy expansion (AEE) method is applied to obtain asymptotic energy expansions (AEEs) of general polynomial potentials. These expansions contain coefficients of the polynomial potentials explicitly. The asymptotic expansions produce very accurate eigen energies. Recurrence relations derived here can be used to obtain asymptotic expansions of polynomial potentials of any degree. Energy eigen value expressions are presented for the 4th, 6th, 8th and 10th degree polynomial potentials. The expansions obtained with AEE method for polynomial potentials have resemblance with WKB expressions obtained by Bender et al 1 for the potentials ( even). 
.
INTRODUCTION
There have been great interest in anharmonic oscillator potentials due to their usefulness in quantum field theory, nuclear physics, particle physics, solid-state physics, and atomic and molecular physics. Both perturbative and non-perturbative methods [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] have been used in the literature to study these potentials with varying success. In this paper, first, we study general polynomial potentials of even degree with recently developed AEE method 16 and then explicit expansions are derived for the fourth, sixth, eighth, and tenth degree polynomial potentials. The asymptotic eigen energy expansions are written as 
and
and which is required by AEE method. The quantity is defined as
with the quantization condition h n E J = ) ( . in (3) satisfies the equation
The contour γ encloses two physical turning points of . In order to obtain AEE, first is expanded in a series of powers of energy E. By evaluating (3) and then applying quantization condition
, the AEE is obtained. Main aim of this paper is to present explicit AEE for even degree polynomial potentials.
The outline of the paper is as follows. Recurrence relations for even degree general polynomial potentials are derived in section 2. Also a general method of obtaining asymptotic energy expansions (AEEs) is described there. In section 3, AEEs are obtained for the fourth degree polynomial potentials with arbitrary coefficients. Asymptotic expansions for the 6th, 8th and 10th degree polynomial potentials are presented in the section 4.
GENERAL POLYNOMIAL POTENTIALS AND RECURRENCE

RELATIONS
First we consider the one dimensional polynomial potential of degree N 2
It is easy to see that satisfies the condition in (1) with
Hence the equation (4) 
Then equation (6) becomes, after simplification,
Now we expand ) , 
where s and s are determined below. Substituting (8) in equation (7) and equating coefficients of , we get
Then equation (7) becomes
Equating coefficients of for arbitrary n produces three types of recurrence relations.
They are
By using equation (10) with N y a 2 1 0 − = , can be obtain for any (as in the case of WKB), recursively with computer algebra packages such as MATHEMATICA or MAPLE n a n
where y γ encloses the two branch points of N x 2 1− (i.e. +1 and -1) on the real axis. By applying the condition that h n J = ) (ε , asymptotic expansion of energy can be obtained as
where
For polynomial potential of even degree has one of the two forms given below. 
For polynomial potentials of even degree, except
, give zero contribution. In this section we have derived general asymptotic expansions which can be used to obtain AEE for polynomial potential of any even degree. The first few terms of the expansion normally gives very accurate eigen energies when the magnitude of the coefficients of the polynomial potential are less than unity.
FOURTH DEGREE POLYNOMIAL POTENTIALS
In this section we consider general 4th degree polynomial potentials. The general fourth degree potential is given by cx bx ax
where a, b, and c are real constants. This potential has been treated in literature mainly in its symmetric version; i.e. 0 = = c a . In addition to the symmetric version, here we consider cases when
as well.
In order to obtain AEEs let 
where s are given by (13) . When
, terms in the AEE are lengthier than in the symmetric case. Therefore we consider three cases (
) separately.
Case I (Symmetric version:
The AEE for this potential is approximated by the fourteen terms
where Fourteen terms of the expansion are given above. However, when n in equation (18) greater than 10 and, b is small (e.g. b=0.1) accuracy up to nine significant figures can be achieved just with the first four terms of the expansion (see Table1). In the literature the symmetric version of the 4th degree potentials are written in the form 4 2 ) (
where λ is considered to be small (weak-coupling) and then eigen energies are obtained by perturbative methods. By rescaling the energy E and the coordinate x, the potential in (20) can be transformed to the form we have discussed in this section; AEE is very accurate when 1 ≤ b , or 1 ≥ λ which is corresponding to strong coupling case. On the other hand standard Rayleigh-Schrödinger perturbation expansion is a power series in λ 1 and it is accurate when 1 ≤ λ . However, for strongcoupling cases ( 1 ≥ λ ), methods such as Riccati-Pade method 4 can also be used.
When and terms are non zero in the potential, higher order terms become relatively lengthier. These cases are considered below.
The eigen energy expansion for this potential is given by
with 
Case III
For this potential eigen energy expansion is
where , the coefficients of the higher order terms of AEE become large. However, when
, only a few terms of the expansion (lower order terms) are needed to get a good approximation for the eigen energies .
HIGHER DEGREE POLYNOMIAL POTENTIALS
Higher degree polynomial potentials (degree > 4) can be treated the same way as the 4th degree case. However, AEE formulae become large if all the terms of the general polynomial potentials are included. (As an example, for the sixth order, general polynomial potential contains powers x 5 , x 4 , x 3 , x 2 and x in addition to the x 6 term) Therefore, only the harmonic term and the leading term of the polynomial are included for the present study. Nevertheless, there is no restriction on treating the general polynomial potential of any degree with all the terms included. Here we present AEE for the potential . The comparison of the exact eigen energies with the AEE eigen values are shown in Table 2 . Only seven terms of AEE are used. b is taken as 0.1. However, for (i.e. 1 > b 1 < λ ) the AEE expression still produces reasonably good results. (see Table 3 .).
Next we present AEE expansions for the potentials and . The number of terms given below are quite adequate for obtaining accurate eigen values from the AEE when
The AEE expansion for this potential is As described earlier, AEE formulae can be derived for polynomial of any degree using the recurrence relations. Using computer algebra packages such as MATHEMATICA, the integrals can be evaluated and Γ functions are simplified in the same routine. One example is given in Appendix I. for the potential . We have given a short MATHEMATICA code which will not only derive coefficients of the AEE using recurrence relations, but also evaluate the integrals and simplifies the functions in one go. 
DISCUSSION
In this paper we presented AEEs for polynomial potentials, which give accurate eigen energies specially for higher excited states. By inverting AEEs, one could obtain eigen energies. The recurrence relations derived in section 2. can be used with any even degree polynomial potential and all the integrals in AEE can be evaluated in terms of functions analytically. All the non zero integrals have the general form where 2N is the degree of the polynomial potential.
There are some resemblance between AEE terms derived for polynomial potentials here and the WKB terms derived for by Bender et al . However, for polynomial potentials, in addition to the terms due to part of the potential (WKB type), there are terms which contain coefficients of the polynomial potential as well. In this paper we considered only the polynomial potentials of even degree. Polynomial potentials of odd degree can be handled the same way as in the even degree case (e.g. PT invariant potential ). However, for odd degree potentials, the turning points which should be included in the contour integration are not as obvious as in the case of even degree. Also note that AEE is meaningful only AEE produces very accurate bound state eigen values when the coefficients of the potentials are less than unity. However, all the polynomial potentials we studied so far produced quite accurate energy eigen values even for the coefficients greater than unity. 
Appendix I
Here we present a short MATHEMATICA code which derives coefficients of the AEE using recurrence relations, Also it evaluates the integrals and simplifies the functions to give simplified individual terms of AEE. Please disregard terms in bold. ---------------------Results --------------------------------- The coefficients of the AEE expansion in equation (22) are given below. The coefficients of the AEE expansion in equation (24) are given below. 
